Introduction
Ground-motion prediction equations (GMPEs) are widely used to estimate ground motion intensity measures (GMIMs) such as peak ground acceleration (PGA) and spectral accelerations (SA) at different periods. Regression analysis is performed to detect a functional form between variables. The rudimentary formulation of GMPEs is given by
where Y is often the natural logarithm or the base 10 logarithm of the ground motion observation, f X , es ( ) θ is the ground motion regression model, in which records information are included in X es such as magnitude, distance, fault mechanism, and site condition, and θ is the vector of unknown model coefficients. The total variability of a GMPE is demonstrated by ∆, which has a normal distribution with zero-mean and the standard deviation of σ. This variability is composed of between-events (inter-event) variability, B ∆ , and within-event (intra-event) variability, W ∆ , which have normal distribution with zero-means and standard deviations of τ and φ, respectively. Since the between and within event standard deviations are uncorrelated, the total standard deviation can be obtained form 
It should be noted that the notations used in this paper, closely follow the notations used by Al Atik et al (2010) , since these notations are defined to be used in the development of the next generation attenuation (NGA) models.
The value of the standard deviation of a GMPE has a significant effect on the probabilistic seismic hazard assessment (PSHA) results (Bommer and Abrahamson 2006) . In order to decrease the influence of the standard deviation on PSHA results, the amount of the standard deviation should be reduced. To this end, the GMPE associated with the lower standard deviation is preferred.
Diverse methods have been introduced and developed to compute the unknown parameters of GMPEs. The oldest and most rudimentary method to compute coefficients of a functional form are the least squares estimation, and the weighted least squares estimation. Preisler (1984, 1985) employed the random-effect regression method. Later, McLaughlin (1991) and Joyner and Boore (1993) utilized maximum likelihood estimation. Joyner and Boore (1993) showed that their proposed weighting matrix for the maximum likelihood estimation leads to the same result from the Preisler (1984, 1985) method. Two-stage methods with different weighting matrices were developed by Fukushima and Tanaka (1990) , Masuda and Ohtake (1992) , and Joyner and Boore (1993) . Recently, methods based on genetic algorithm (GA) is getting widespread in which an optimization function is defined to determine the coefficients of GMPEs (Tavakoli and Pezeshk 2005 , Sobhaninejad et al 2007 , Tavakoli and Pezeshk 2007 , Cabalar and Cevik 2009 , Bagheri et al 2011 , Yilmaz 2011 .
The main goal of this study is to analyze and compare the above-mentioned methods to explore the differences between them as well as to understand advantages and disadvantages of each one. First, these methods are thoroughly described. Then, the considered attenuation relationship and the prepared database are reviewed. Afterward, the LH test introduced by Scherbaum et al (2004) in addition to various statistical techniques (Histogram of the standard normal distribution, Q-Q plot, and analysis of variance) and goodness-of-fit measures (t-test, Var-test, Chi-square test, Lillie-test, ks-test, JarqueBera test, Anderson-Darling test, and Shapiro-Wilk test) are applied. Finally, the strengths and limitations of each procedure will be compared and discussed.
Parameter estimation methods in linear models
In order to estimate unknown parameters in linear models, the following matrix form is used
where Y is a n 1 × vector of observations (outputs), θ is a m 1 × vector of unknowns, X is a n m × matrix of variables (inputs), and Δ is a n 1 × vector of deviations. The parameter n represents the number of observations and m represents the number of unknown parameters. The elements of vector Δ have a normal distribution with the average of zero and the variancecovariance matrix which is defined as
where W is a known weighting matrix of observations, and σ 2 is an unknown positive coefficient which can be acquired from the expected value of the squared residuals. With respect to the type of variance matrix, V, different methods of the regression analysis can be employed to estimate unknown parameters.
Unweighted least squares estimation
The simplest case to solve equation (3), called ordinary least squares (OLS) estimation, occurs once the weighting matrix, W, is a diagonal one with identical elements. In this method, by using properties of matrices, we get
in which θ is the estimation of the unknown coefficients vector, θ. If the matrix X is a square matrix, it could be simply written as
It must be emphasized that this solution is applicable once the inverse of input matrix exists. If the determinant of the matrix, X or X X T approaches zero, an alternative algorithm called recursive least squares algorithm (Ljung 1999) can be used as follows 
in which I is an m m × identity matrix, λ is a large arbitrary value, x i T is the ith row of the matrix X and y i T is the ith element of the vector Y.
Once the unknown parameters are calculated, the estimation of the output vector is
and; therefore, the difference between the real amounts and predicted values gives the vector of residuals
where Y is the predicted values of observations, Y is the real amounts of observations and ∆ is the vector of residuals. One of the initial assumptions in the regression analysis is to have a constant variance (homoscedasticity) for the errors in the model to use OLS method. Thus, if this assumption is violated, the OLS method is not appropriate and the effect of non-constant variance (hetersoscedatisticy) should be considered by using a weighting matrix or transformation in the model. When the variance in a model is variable although the estimated coefficients are not biased, the total standard error is inaccurate and the variance of the estimators is not optimum. It is therefore necessary to account for the hetersoscedatisticy effects (e.g. biased standard errors) in the estimations of coefficients to derive best linear unbiased estimators (BLUEs). There are two strategies under the presence of hetersoscedatisticy indicating that the variance is non-constant. In the first strategy, efficient coefficients can be acquired by incorporating an appropriate weighting function in the regression analysis to take into account of hetersoscedatisticy. In the second strategy, the coefficients obtained by OLS are kept, but the variance would not be constant and variable variance should be used. The OLS method is considered as method 1 in this paper.
Weighted least squares (WLS) estimation
Once the weighting matrix is available but either it is off diagonal or the elements of the diagonal matrix are not identical because some observations are less reliable than the others, the OLS method does not result in obtaining BLUEs (Draper and Smith 1981) . When the weighting matrix is diagonal, observations are independent but they have different variances, while when the weighting matrix has off diagonal elements, it means that observations are correlated to each other and they are dependent. In this case, the final solution is given by (Searle 1971) X WX X WY.
For the WLS method, different kinds of transformation matrices are proposed. For instance, if the weighting matrix is diagonal, transformation matrix, P, can be estimated by
If the weighting matrix is off diagonal and it is Hermitian positive-definite, it can be decomposed by using the Cholesky method (Gentle 1998 )
in which P is an upper triangular transformation matrix with positive diagonal elements and P T is the transpose of P. Then, adjusted input and output matrices can be defined as
and
in which X and Y are called the transformed input and output matrices. Therefore, using the weighting matrix acts in a way that the input and output matrices are transformed by the matrix P. Thus, the solution of the problem, can be rewritten as
It should be noted that the P∆ matrix now has a constant variance covariance matrix. As it is mentioned in the OLS method, once the determinant of matrix is around zero, the recursive least squares method is suggested. Therefore, the recursive algorithm in equation (7) can be applied to estimate coefficients.
The weighting matrix for the WLS method can be determined by using either grouped data to estimate the variance for each group, absolute residuals, or squared residuals versus a specific variable. The WLS method is called method 2 in this paper.
Unweighted one-stage maximum likelihood estimation
For the one-stage maximum likelihood estimation, it is assumed that observations have a normal distribution, and accordingly, the probability density function of the observations L (West et al 2007) is expressed as
where is the determinant and n is the number of observations. For an assumed V, maximizing equation (16) 
For a constant W, the vector θ can be estimated by using equation (10). As a result, L ln( ) is a function of 2 σ , and in order to maximize L ln( ), its differentiation with respect to 2 σ has to be equal to zero.
To derive an overall unbiased estimation of 2 σ , the following equation is proposed (Chatterjee and Hadi 2006) Joyner and Boore (1993) proposed a block diagonal variance covariance matrix
where N e is the number of events in the database, and v i is defined as
where γ is defined as the following equation φ are the variances related to the betweenevents and within-event variabilities, respectively. The rank of the matrix v i is equal to R i , the number of records for the event i . The weighted maximum likelihood method is considered as method 3 in this paper.
Two-stage methods
The very first step in this method is to separate variables that are identical for a specific event such as magnitude and fault mechanism from the other variables which are different for various records of a specific event such as distance and soil condition. The linear equation can be written as ( ) consist of identical variables and unequal variables for the same event, respectively. B and A are coefficients in this equation, B 0 is a constant in the equation, n is the number of unequal variables, and m is the number of identical variables. Also, the total number of records for all earthquakes and stations is N, and the total number of different events is N e . Now, function H can be defined as
In the first stage, unknown parameters related to the unequal variables for the same event, A j , are calculated by using the following equation
where
and 
and the right hand side of the above mentioned equation can be estimated by
in which 2 φ is the variance of the first stage. Finally, the likelihood of samples can be obtained from the following equation Fukushima and Tanaka (1990) , Masuda and Ohtake (1992) , and Joyner and Boore (1993) , for this weighting matrix. In this paper the Fukushima and Tanaka (1990) , and Joyner and Boore (1993) weighting matrices are used to calculate the unknown parameters of the ground motion equation. Joyner and Boore (1993) proposed a diagonal weighting matrix as
where R i is the number of records for the event i, and 2 φ is the variance of the first stage. 2 τ can be calculated by iterating starting from zero to obtain the maximum likelihood. Fukushima and Tanaka (1990) suggested using a diagonal weighting matrix in which each earthquake's weight is equal to the number of records for that event. Two-stage maximum likelihood method with no weighting matrix, Boore and Joyner weighting matrix, and Fukushima and Tanaka weighting matrix are called method 4, method 5, and method 6 in this paper.
Genetic algorithm
A GA is used to solve optimization problems based on methods that originate from the natural and biological evolution such as selection, mutation, and cross over (Holland 1975 , Goldberg et al 1989 . In a GA, the optimization problem is formulated by defining an objective function. Then, a set of initial solutions called an initial population to the objective function is generated. Each solution (called a chromosome) is a combination of all unknown parameters that need to be estimated to satisfy the optimization problem (Gen and Cheng 2000) . The next step is to find the values of the objective function for the population. The initial population can now be improved by using genetic operators including selection, cross over, and mutation. The fitter chromosomes from the initial population are selected to create the next population. Each step of generating a new population is called a generation. To generate the next population, the selected chromosomes can be mixed two by two (parent) to create a new chromosome (child) which has the properties of its parent. Another way to create a new chromosome for the next population is using chromosomes from the previous generation (Gen and Cheng 2000) . In this situation, the parameters inside of the chromosome are modified in order to keep the genetic diversity and avoid being stuck in local minima.
This process repeats until either the maximum number of generations is reached or the value of the objective function is satisfactory, and then this iterative algorithm is terminated. Finally, the answer to the optimization problem is the solution from the last generation which matches better with the objective function. The GA method is considered as method 7 in this paper.
Database
The database for this paper is built based on the CD ROM of European and Middle Eastern strong motion (Ambraseys et al 2000) . The database includes 462 triaxial strong motion records from 110 earthquakes within 261 stations in Europe and the Middle East for corrected acceleration, velocity, and displacement (Ambraseys et al 2004) .
All published empirical GMPEs from 1964 are provided by Douglas (2003) and Douglas (2014a) . Most of these GMPEs until 2000s were developed for PGA and 5% damped linear elastic pseudo-absolute response spectral acceleration (PSA) ordinates at different periods (Douglas 2014b) ; however, the estimation of other GMIMs such as PGV, PGD, Arias intensity, and duration in addition to PGA and PSA are nowadays getting popular (Douglas 2012) . Of course, particular GMIMs such as PGA and PSA at 0.2 and 1 s are very important due to the usage of them in performing PSHA Pezeshk 2005, Rezaeian et al 2015) . In this study, we use values of PGA and 5% damped linear elastic PSA at 0.2 and 1 s as representative GMIMs to assess the performance of described regression methods. In this study, we use the geometric mean of two horizontal components because it is the most widely used GMIM in GMPEs (Beyer and Bommer 2006, Douglas 2014a) . Various schemes have been defined on how to treat two horizontal components in order to be employed in the GMPEs such as arithmetic mean, geometric mean, larger component, random component for each accelerogram. Boore et al (2006) proposed two new definitions for the GMIM that can be used in GMPEs called GMRotD50 (GM indicates geometric mean, Rot implies rotations, D stands for period-dependent rotations, and 50 means that the 50 percentile value is used for the measure) or GMRotI50 (GM indicates geometric mean, Rot implies rotations, I stands for period-independent rotations, and 50 means that the 50 percentile value is used for the measure). The advantage of these measures is sensor orientation independency that yields in removing the uncertainty caused by the sensor orientation in GMPEs. Later, Boore (2010) proposed another definition to be considered as a GMIM called RotD50 in which no geometric mean is used to derive the new measure. NGA-west attenuation relationships (Bozorgnia et al 2014) are based on RotD50 definition for the GMIMs. Beyer and Bommer (2006) demonstrated that decreasing the aleatory uncertainties of GMPEs due to adopting GMRotD50 or GMRotI50 as the reference GMIM is less than 2%. Here, we employ the same database for all regression methods; and thus, the usage of geometric mean will equivalently affect results obtained from all regression methods.
In this database, the moment magnitude, M, is considered for the magnitude scale. Records that do not have moment magnitudes have been removed. In addition, records that have moment magnitudes less than 5.0 have been omitted. Joyner and Boore distance, R JB , is used for the distance scale. Records with Joyner and Boore distances less than or equal 100 km are considered in this database.
Records included in the database all have known fault mechanisms. The Frohlich and Apperson (1992) approach is applied to classify fault mechanisms. Therefore, four classifications, thrust, normal, strike-slip, and odd, are defined based on the B, P, and T axes plunges for each record. Once the plunge of P axis is more than 60°, the earthquake is considered as normal. When the plunge of B axis is greater than 60°, the earthquake is classified as strike slip. Once the plunge of T axis is more than 50°, the event is considered as thrust. Otherwise, the earthquake is considered as odd.
Records with unknown site conditions have been removed from the database. Boore et al (1993) method has been used to categorize site conditions based on the average shear-wave velocity in the upper 30 m of the site profile. Accordingly, site conditions are divided into 4 groups: very soft, soft, stiff, and rock. According to Boore et al (1993) , once V S30 < 180 m s −1 , the soil is considered as very soft; once 180 ⩽ V S30 < 360 m s −1 , the soil is considered as soft, once 360 ⩽ V S30 < 750 m s −1 , the soil is classified as stiff; otherwise, the soil is categorized as rock'.
A total of 350 records created by 85 earthquakes from the data of the CD ROM have been collected as the final database. This database has 27 singly recorded earthquakes out of 85. Table 1 and figure 1 present the distribution of the data with respect to the site condition and fault mechanism. Since there are only 7 records with the very soft soil site condition, the soft and very soft soil classifications are combined and considered as one group. Figure 2 displays the distribution of the database with respect to the magnitude and distance.
Functional form
To evaluate the aforementioned methods for the estimation of empirical attenuation relationships coefficients, Ambraseys et al (2005) 
Application of different methods
Equation (38) is nonlinear in coefficients due to the multiplication of a 3 and a 4 with a 5 . The first step to apply regression methods is to linearize the equation using Taylor series. Therefore, matrices Y, θ, and X can be defined as follows Y y y y log ,log , , log ,
where N is the number of records in the database which is 350 a a a a a a a a a a , , , , , , , , , , T 1 2 3 4 5 6 7 8 9 10
and . This iteration is terminated once the amount of / ∆ ′ ′ a a 5 5 is less than a desired limit which is considered 10 6 − in this paper because the coefficients are estimated with 5 decimal places. The initial assumption for a 3 , a 4 , and a 5 is 1.
Since there are many similar records, the determinant of the X X T matrix approaches to zero for OLS method (method 1). Accordingly, the recursive algorithm defined by equation (7) is used to calculate coefficients of the equation. The result of this method is mentioned in tables 2-4 for PGA, PSA at 0.2, and PSA at 1 s, respectively. The coefficients obtained by Ambraseys et al (2005) are also reported for comparison. It is worth mentioning that the Ambraseys et al (2005) coefficients are derived using the larger horizontal component. Douglas and Smit (2001) suggested that if their database is divided into 2 km by 0.2M unit intervals, records gathered in each bin can be assumed as repeated records. Douglas (2004a Douglas ( , 2004b showed that using the analysis of variance could be a useful tool to investigate the regional dependency of strong motion data. In order to perform analysis of variance, intervals of 5 km by 0.25M s units were used by Douglas (2004a) . Since the number of records in this study is limited, using those intervals leads to loss of many records in this invest igation. Therefore, after exploring different unit intervals for the distance and magnitude, the database is divided into 10 km by 0.2M unit intervals to have sufficient records in each bin. The equations from figures 3 and 4 display the dependency of the standard deviations estimated from unit intervals on magnitude and distance as well as distribution of them, respectively.
Gradients of the fitted lines depict that there is a decrease in the standard deviation, σ, with increasing the magnitude and distance as Youngs et al (1995) , Campbell (1997), and Ambraseys et al (2005) reported. Although the slope for the distance dependency is near to zero, the dependency of the error on the magnitude is considerable. In this regard, the dependency of the standard deviation on the magnitude cannot be rejected at the significance level of 5%. In fact, it can be said that earthquakes with higher magnitude are more informative and therefore have more weight. Hence, there are two approaches to treat hetersoscedatisticy. In the first approach, the coefficient derived from OLS method are used but the variance should be updated based on either the prior knowledge or performing pure error analysis. In the second approach, a WLS regression analysis (method 2) can be employed in which the weighting matrix can be derived from the dependency of the error on magnitude. Therefore, the weighting matrix which is determined by using grouped data is defined as 0.2, and PSA at 1 s, respectively. It should be noted that if the sample size (number of records) is small, the determined coefficients might not be accurate because the weight is estimated from the grouped data.
The weighted one-stage maximum likelihood method (method 3) is an iterative process. In this method, the natural logarithm of likelihoods (equation (17)) of different values of γ are calculated to find the one that is associated with the maximum likelihood of the pdf of observations. The value of the γ can vary from 0 to 1. After exploring this interval, it is found out that the γ related to the maximum likelihood is located between 0.1 and 0.2. Figure 5 shows that the maximum likelihood occurs when 0.15 γ = . The coefficients corresponding to this method with 0.15 γ = are listed in tables 2-4 for PGA, PSA at 0.2, and PSA at 1 s, respectively.
In the first stage of the two-stage method, coefficients according to the terms that are not constant for records of a specific earthquake are determined. Then, the remaining coefficients, a , 1 a 2 , a 8 , a 9 , and a 10 are calculated in the second stage. Equation (23) 
After finding vector 1 θ , vector Y 2 and matrix X2, then vector 2 θ , can be determined using the equation (29). These coefficients with considering different weighting matrices, no weighting matrix (method 4), Boore and Joyner (1993) weighting matrix (method 5), and Fukushima and Tanaka (1990) weighting matrix (method 6) are provided in tables 2-4 for PGA, PSA at 0.2, and PSA at 1 s, respectively. It should be noted that for these three methods, coefficients a 3 , a 4 , a 5 , a 6 , and a 7 are identical. The final coefficients for the Boore and Joyner method are determined when 0.12 τ = . In order to apply the GA (method 7), the objective function which is an unbiased estimator of the variance is defined as 
where N is the number of records in the database, N 10 − is the number of the degrees of freedom (10 is the number of unknown parameters), y i is the observed value, and y i is the estimated value of the ground motion parameter for the record i.
For the selection of chromosomes, the roulette wheel definition is used. The cross over probability p c and mutation probability p m are defined 0.8 and 0.05, respectively. The probability of the mutation is a small number to avoid losing suitable chromosomes. The number of generation and the size of population are 1000 and 200, respectively Pezeshk 2005, Sobhaninejad et al 2007) . It should be pointed out that repetition of the GA estimation does not generate identical coefficient. In this regard, we run this algorithm twenty times and the result for each coefficient is then computed by taking the mean of estimated values for that coefficient. The estimated coefficients for the geometric mean of PGA and PSA at 0.2 and 1 s values of horizontal components are provided in tables 2-4, respectively. 
Comparison of different methods
As it is seen from tables 2-4, the estimated coefficients from different methods are not the same or even in similar ranges. The overall unbiased standard deviation for each method is also given in tables 2-4. The minimum standard deviation is for the method 1 (OLS) and the maximum standard deviation is derived for the method 4. Statistical comparison can be an appropriate way to compare regression methods with each other to see which method gives the best answer. In order to assess the accuracy of different methods the residual analysis is utilized to check whether the basic assumptions of errors are valid. Therefore, various statistical tests are chosen and applied to compare these methods. These tests can be applied on residuals defined as the difference between the observed and predicted values. The residual, R, in models is obtained by
These residuals tend to have a correlation with the variables (West et al 2007) , since they are normalized by dividing them to the corresponding standard deviation. Therefore, normalized residuals, Z, are defined as
in which P is the transformation matrix and σ is the overall unbiased standard deviation given by
where N is the number of data and N 10 − is the number of the degrees of freedom. 10 is the number of unknown parameters. Normalized residuals should follow the standard normal distribution in which the mean is zero and the standard deviation is one. Following tests are used to compare the described regression methods.
Graphical
The first graphical method is the Histogram which graphically summarizes characteristics of the distribution of a dataset (Montgomery and Runger 2003, Mendenhall and Sincich 2007) . Histograms or bars in figure 6 illustrate the distribution of the residuals obtained by using the geometric mean of PGA values of horizontal components, so the spread of data and skewness can be graphically observed. The red lines display the probability distribution function (pdf) of the standard normal distribution. The number of bins equal to the square root of the number of elements in data. As it can be seen the distributions of the residuals are not perfect, but they approximately follow the standard normal distribution.
A Quantiles-Quantiles (Q-Q) plot shows the quantiles of a normal distribution versus the quantiles of the sample which is standard residuals here in order to compare the sample distribution with the standard normal distribution (Montgomery and Runger 2003, Mendenhall and Sincich 2007) . Quantiles are the inverse of the cumulative distribution function (cdf) of a population at defined intervals. The '+' signs will be linear, if the sample is drawn from a normal distribution. Figure 7 indicates that the quantiles of the normalized residuals obtained by using the geometric mean of PGA values of horizontal components from methods 2 and 3 are matched on the quantiles of the standard normal distribution. For the remaining methods, there is a slight difference especially at the upper bound of the normalized residuals.
Goodness-of-fit tests
The basic assumption for the normalized residuals is to follow the standard normal distribution. Hence several statistical tests have been proposed to understand the goodness of a fit for a model (Montgomery and Runger 2003, Mendenhall and Sincich 2007) . We employ some of these statistical measurements to investigate the quality of fits by different regression methods for the residuals obtained by using the geometric mean of PGA values of horizontal components.
The first test is the t-test in which the normalized residuals are assessed to see if the mean is zero (null hypothesis). If the null hypothesis cannot be rejected, the test statistic has a Student's t distribution. P-values of the t-test are tabulated in table 5. When a p-value which describes the probability of the null hypothesis is equal to or less than the considered significance level which is 0.05 in this paper, then the null hypothesis would be rejected at this significance level. Results state that all methods fail to reject the null hypothesis.
The second test is the Var-test which is a Chi-square measure and it evaluates whether the normalized residuals have a unit variance (null hypothesis). The p-values corresponding to this test from table 5 show that null hypothesis cannot be rejected in all described methods.
The next test is the Chi-square goodness-of-fit test that recognizes if the normalized residuals come out of the standard normal distribution. Calculated p-values from table 5 display the null hypothesis cannot be rejected in all methods. The next test is the Lilliefors test (Lillie-test) in which residuals are compared to observe if they follow a normal distribution. In this test the mean and variance are unknown. Lillie-test p-values are gathered in table 5. As it can be seen all methods fail to reject the null hypothesis at the desired significance level.
The fifth test is the ks-test (Kolmogorov-Smirnov test) that determines whether the cdf of the normalized residuals is matched with the cdf of the standard normal residual (null hypothesis). The p-values are listed in table 5. According to the estimated values null hypothesis cannot be rejected in all methods.
The next test is the Jarque-Bera test which evaluates if the skewness and kurtosis of the normalized residuals correspond to the standard normal distribution. The p-values are provided in table 5. These amounts show that all models fail to reject the null hypothesis.
The seventh test is the Anderson-Darling test which checks if the pdf of the normalized residuals matches the pdf of the standard normal distribution. The p-values provided in table 5 indicate that the null hypothesis cannot be rejected in all methods.
The last one, Shapiro-Wilk test is a test to determine whether the residuals are drawn from a normal distribution. The p-values corresponding to this test are given in table 5 and they show that all methods fail to reject the null hypothesis.
A Larger p-value implies that the model is more confident (Scherbaum et al 2004) . Regarding to these results, method 2 has the largest p-value for the Var-test, Jarque-Bera test, and Shapiro-Wilk test. Method 3 has the largest p-value for the Chi-square test, Jarque-Bera test, and Anderson-Darling test. Also, it can be inferred that method 4 and method 5 have the weakest performance compared to the remaining regression methods since they have 4 and 3 smallest p-values respectively.
LH test
Most of the goodness-of-fit measures can only check one of the assumptions related to the standard normal distribution. Scherbaum et al (2004) have introduced a likelihood-based method (LH test) in which all the assumptions would be assessed. In the LH test the likelihood of an observation that is a normalized residual for being equal to or greater than Z 0 with considering both tails of the distribution is given by
where Z 0 is a normalized residual. If the normalized residuals are completely matched with the standard normal distribution, the amounts of the LH test would be uniformly distributed between 0 and 1 and the median of the LH values should be 0.5. The distributions of the LH values for the residuals obtained by using the geometric mean of PGA values of horizontal components are demonstrated in figure 8 . The values of the LH are uniformly distributed for methods 2 and 3. The median of LH (MEDLH) is given in table 6. In addition, the mean, median, and standard deviation of the normalized residuals are tabulated in table 6 (MEANNR, MEDNR, and STDNR, respectively). Moreover, standard deviations corre sponding to the median, mean, and standard deviation and estimated using the 'delete-1' jackknife resampling (Shao and Tu 1995) procedure (Scherbaum et al 2004) are provided in table 6. Scherbaum et al (2004) have used the values of the LH median, plus the mean, median and standard deviation of the normalized residuals to rank different ground motion models for seismic hazard analysis. Based on this scheme models fall into 4 groups in this ranking scheme. Models are ranked class C, as the lowest acceptable group once the LH median is greater than 0.2 and the absolute values of the median and mean of the normalized residuals with corresponding standard deviations are less than 0.75 and the standard deviation for the normalized residuals smaller than 1.5. If the LH median is more than 0.3 and the absolute values of the median and mean of the normalized residuals with corre sponding standard deviations are less than 0.5 and the standard deviation for the normalized residuals smaller than 1.25, models is ranked class B. Models are ranked class A, as the most satisfactory group when the LH median is larger than 0.4 and the absolute values of the median and mean of the normalized residuals with corresponding standard deviations are less than 0.25 and the standard deviation for the normalized residuals smaller than 1.125. Eventually, models that could not satisfy these criteria fall into the unacceptable group, class D. As it can be seen from table 6, all methods are classified as class A.
Analysis of variance
Since table 6 clearly shows that the estimated means of normalized residuals obtained by using the geometric mean of PGA values of horizontal components from different regression methods are not equal, the technique called analysis of variance (ANOVA) is used to compare the means of normalized residuals obtained from these methods (Montgomery and Runger 2003, Mendenhall and Sincich 2007) . In one-way ANOVA, the null hypothesis here is defined as if samples (nor malized residuals) come from populations with equal mean which is zero. The results from one-way ANOVA are tabulated in table 7 and the box plot of these methods is demonstrated in figure 9 . A box plot graphically shows the centrality and skewness of the distribution of a dataset. This plot also indicates the 25th, 50th (median), and 75th percentiles, in addition to minimum, maximum and outlier values (Montgomery and Runger 2003, Mendenhall and Sincich 2007) . In accordance with the p-values from table 7, the null hypothesis cannot be rejected at the 5% significance level. Figure 9 also depicts that there is no evidence of significant discrepancy between the normalized residuals derived from various regression methods. 
Constancy of the variance
Constancy of the variance of residuals is one of the basic assumptions about the residuals and the violation of this assumption is considered as a deficiency in the model. To overcome this problem, it is suggested to use a transformation on the variables in the functional form or to consider an appropriate weighting matrix in the regression analysis (Draper and Smith 1981) . Another treatment is to keep those estimated coefficients but to use the true variable variance for the prediction of various percentile of ground motion (Ambraseys et al 2005) . One way to check constancy of the variance assumption is to use the pattern of residuals against variables. When this pattern is like a funnel it illustrates that the variance is variable and therefore using a transformation or WLS method is necessary to satisfy the basic assumptions of the regression analysis. In this paper, the pure error analysis (Draper and Smith 1981 ) is performed to estimate the dependency of the standard error on the magnitude and distance. These equations are tabulated in table 8.
No weighting matrix was used for methods 1, 4, and 7, but a weighting matrix is considered in the remaining methods. As it can be observed from the gradients of the reported equations in table 8, the dependency of the standard deviation on the distance is insignificant, while the dependency on the magnitude still exists and it is considerable even for methods in which the weighting matrix is applied except method 2. In this regard, the dependency of the standard deviation on the magnitude cannot be rejected at the 5% significance level and it should be accounted for in the regression analysis. Therefore, all methods, except the WLS that accounts for the weight which is obtained from the pure error analysis of residuals, do not yield in obtaining BLUEs. It means that methods in which a blind weighting matrix is supposed are not helpful, so there is a need to use the pure error analysis of residuals to estimate the accurate weight and then consider it in the regression analysis.
Variance of the estimators
The variance covariance matrices of the unknown parameters using the geometric mean of PGA values of the horizontal components for different methods are estimated and the diagonal elements are considered to calculate the standard deviation of each coefficient. All standard deviations for these methods are given in table 9. As it was expected the method 2 (WLS) has the minimum standard deviations for the most coefficients.
Therefore, using a weighting matrix derived from the pure error analysis leads to having the optimal standard deviations for the coefficients. Furthermore, table 9 implies that the coefficients a 1 , a 3 , and a 5 possess the highest standard deviations and it can be confirmed by table 2 since these coefficients have the larger discrepancy for different applied methods.
Comparison with data
To visually explore the differences between the regression methods, we plot the decay rate (attenuation) of estimated accelerations with distance as well as observations (see figure 10 ). To this end, stiff site condition and normal fault mechanism are considered in obtaining accelerations using the functional form since the most data available are in this category. As can be seen, the difference between the estimated accelerations obtained from different regression method is insignificant particularly at distances more than 5 km. The small difference between decay rates at short distances less than 5 km can be attributed to the lack of data for this range of distance. On the other hand, all methods overestimate the acceleration at long distances. This can be related to the effect of ignoring the anelastic or intrinsic attenuation (Sedaghati and Pezeshk 2016) term in the functional form. In fact, this plot demonstrates that choosing an appropriate functional form is very important, whereas the influence of selecting a specific regression method to acquire the coefficients of that chosen functional form is insignificant. In figure 10 , the GMPE proposed by Ambraseys et al (2005) for the larger component of PGAs is also plotted for comparison. As can be seen, this equation is above all other GMPEs derived in this study, since we used the geometric mean of horizontal components. We also used geometric mean of SA values of two horizontal components at periods of 0.2 and 1 s to investigate the performance of different regression methods. All aforementioned tests are done for SAs at 0.2 and 1 s and results are similar to the results inferred using PGA.
Summary and conclusions
OLS estimation supposes that all events have an identical weight and reliability and it ignores the correlation between different records from a specific event. This estimation has a simple algorithm and the solution can be quickly found. WLS estimation assumes that some earthquakes are more informative and consequently have higher weight than the other earthquakes, but it neglects the correlation between records measured for an earthquake at different sites. Onestage maximum likelihood estimation by Joyner and Boore (1993) accounts for the correlation between different records and different earthquakes. Two-stage methods with various proposed weighting matrices separate the coefficients which are constant for records of a specific earthquake such as the magnitude and fault mechanism from the other coefficients like the distance and site condition. These methods are computationally inefficient. The GA has a simple concept but it is computationally very slow. In addition the solution is not unique and each time this method runs various results can be obtained. We can summarize the results as follows:
• Pure error analysis should be performed as a part of developing GMPEs to gain insight about the true variance of the derived equations which can be applied to estimate different percentiles of ground motions to be used in PSHA.
• Various goodness-of-fit tests, graphical methods, and the LH test demonstrate that the performance of the WLS estimation and one-stage maximum likelihood method is better in comparison to the other considered regression methods. Of course, the WLS methods is not perfect because it neglects the correlation between records. Thus, the one-stage maximum likelihood method in which the true variance obtained from the pure error analysis is considered can be selected as the best regression method to derive coefficients of GMPEs.
• The ordinary GA is very slow and does not result in improving the standard deviation. Also, the statistical tests illustrate that the distribution of residuals of GA is very similar to the distribution of residuals of OLS. Therefore, the OLS estimation is preferred compared to the ordinary GA.
• Two-stage methods are considered as worst regression methods because not only are slow and complicated but also yield in higher standard deviations for the functional form. Further, the pure error analysis shows that the true variance is not constant even after considering a weighting matrix in the regression procedure.
• Choosing an appropriate functional form is very important to develop GMPEs, whereas the influence of selecting a specific regression method to acquire the coefficients of that chosen functional form is insignificant.
